For an oscillating system, large amplitude indicates strong vibration energy. In this article, modal interaction is used as a useful means to regulate strong nonlinear vibration energy of the flexible arm undergoing rigid motion. A method is put forward to migrate and dissipate vibration energy based on modal interaction. By means of multiple-scale perturbation analysis, it is proven that internal resonance can be successfully established between modes of the flexible arm and the vibration absorber. Through examples and analyses, it is verified that this control method is effective in regulating strong vibration energy and can be used to suppress strong nonlinear vibration of the flexible arm undergoing rigid motion.
Introduction
Due to larger work space, better energy efficiency, and higher speed, flexible arms are most likely to constitute new generation of robotic manipulators in space exploration. However, the vibration problem remains a large obstacle to overcome. Any disturbances may result in deteriorative tracking accuracy and serious control issues.
To combat this drawback, various methods have been put forward, from enhancing stiffness, increasing damping, optimizing shape, to experimenting new materials. [1] [2] [3] [4] In recent years, a large number of active control methods are suggested, [5] [6] [7] and many of them are implemented based on smart materials, like piezoelectric ceramic and shape memory alloy. 8, 9 Notwithstanding, they perhaps encounter difficulties in diminishing nonlinear vibration with strong energy. On one hand, strong energy may excite large amplitude, and thus, many nonlinear terms become significant and must be taken into account. Therefore, a variety of vibration control strategies making use of a linear model or a linearized model will result in fundamental mistakes. On the other hand, since active control methods suppress vibration with the help of external energy, they are not always effective to suppress strong vibration due to limited energy output of smart material actuators. In the worst case, these actuators will suffer from dangerous overload damages. 10 In fact, although nonlinearities bring about analytical difficulty, modal interaction caused by them potentially provides new solutions to regulating nonlinear vibration. Nayfeh 11 found that vibration energy of one 1 mode can be transferred via internal resonance to another mode which is commensurable or nearly commensurable with the former. Golnaraghi, 12 Tuer et al., 13 and Oueini and Golnaraghi 14 used internal resonance to decrease the structural vibration of a flexible cantilever beam. However, the flexible cantilever beam they had researched was assumed as a rigid beam connected by a torsional spring. Obviously, this simplified model is not feasible to the long and thin flexible arm that should be represented by a distributed model. In recent years, the above studies have been extended to control vibration of the distributed flexible beam. [15] [16] [17] [18] But these studies only dealt with the flexible beam without rigid motion and did not involve the flexible arm undergoing large-scale joint motion. Actually, the latter exhibits much more complex dynamic behaviors.
To the best of our knowledge, there is little research on reducing nonlinear vibration of the flexible arm via internal resonance. Whether internal resonance can be successfully established for the flexible arm with joint motion should be proved and verified. In this study, a vibration absorber is attached to the flexible arm to introduce quadratic nonlinearity into the system, thereby generating desired nonlinear coupling with the controlled mode of the arm. By means of multiple-scale perturbation analysis, it is proven that internal resonance can be established. Different from actively suppressing vibration via external energy, using this method, strong nonlinear vibration energy of the flexible arm can be effectively migrated and dissipated by the vibration absorber.
Mathematical model
To test the effectiveness of the proposed method, a model consisting of a flexible link, a rigid joint, and a vibration absorber is studied, as shown in Figure 1 . o 0 x 0 y 0 z 0 denotes the global coordinate system and o 0 x 0 y 0 z 0 denotes the moving coordinate system defined on the flexible arm. The flexible link rotates round the rigid joint with rotational angle q in the plane o 0 x 0 y 0 . The flexible link has length l with uniform mass density per unit length r. The cross section of the link is rectangle with height h and width b. A payload is attached at the endpoint of the link with mass m B . Only the deflection d of the link about y 1 axis is considered. The vibration absorber, connected to the flexible arm at x 1 = r, is made up of a weightless rigid link with a mass m, a torsional spring with the stiffness k, and a damper with the damping c 2 . The swing angle of the rigid link is denoted by b. It should be noted that, with a passive configuration, the values of stiffness and damping of the vibration absorber are fixed, whereas in a semiactive form, the values of stiffness and damping can be regulated by adjustable position and velocity feedback.
According to the assumed-mode theory, the deflection d of the flexible link consists of multiple modes. Considering the deformation is mostly contributed by the fundamental mode, only the fundamental mode of the flexible link is investigated. We have
where u 1 (t) and u 1 (x 1 ) are the fundamental modal coordinate and mode shape of the flexible link, respectively. The angle of the tangent of the flexible link at x 1 = r with respect to x 1 -axis is denoted by a 'b r u 1 (t),
The axial displacement resulting from the transverse bending of the link can be written as
where q is a dummy variable and 
where
; r c is the length of the rigid link. 
Perturbation analysis
Equations (3) and (4) must be nondimensionalized to facilitate the scaling required by the perturbation analysis. Here, the nondimensional quantities are defined as
The nondimensional dynamic equations are
To make the damping and nonlinearities appear in the same perturbation equations, let h 11 = ez 11 , h 22 = ez 22 , u Ã = ef, b Ã = ec, and dq Ã =dT = edx=dT, where e is a small nondimensional bookkeeping parameter, 0\e ( 1. Then, equations (5) and (6) can be expressed as
According to the method of multiple scales, u, c, and T are expanded in power series with e and take the form
It follows that the derivatives with respect to T become expansions in terms of the partial derivatives with respect to T i according to
Substituting equations (9) and (10) into equations (7) and (8), expanding, and equating the coefficients of e 0 and e 1 to 0, we have Order (e 0 )
Order (e 1 )
The solutions of equation (11) can be written as
where A 1 (T 1 ) and A 2 (T 1 ) are functions of slow time T 1 , and cc denotes the complex conjugate of the preceding term. Substituting equation (14) into equations (12) and (13) leads to
where () 0 [∂()=∂T 1 . In this study, the absorber is used to control the vibration of the flexible link at the 2:1 internal resonance condition, that is, v u ' 2v b . To express the nearness of the frequency v u to twice v b , a detuning parameter s is defined as v ub = 2 À es. Then, we have
Equating the coefficients of exp (jv ub T 0 ) and exp (jT 0 ) on both sides of equations (15) and (16) yields
A 1 and A 2 can be expressed in their polar forms as
where a 1 , a 2 , u 1 , and u 2 are the real functions of the slow time T 1 ; a 1 and a 2 are defined as the modal amplitudes. Substituting equation (19) into equations (17) and (18) and then separating the result into real and imaginary parts, we obtain
where g = u 1 À 2u 2 À esT 0 . Eliminating u 1 and u 2 from equations (22) and (23) yields
Thus, the problem is reduced to the solution of equations (20), (21), and (24).
In order to better understand the energy transfer between the flexible arm and the vibration absorber, the undamped case (i.e. z 1 = z 2 = 0) is studied first. Equations (20) and (21) can be written as where E 0 is a constant proportional to the initial energy of the system. From y = 2m 2 =(m 1 l 2 v 3 ub ), it is clear that y.0, and thus, a 1 and a 2 in equation (26) are always bounded. That is to say, the system is conservative and the energy remains constant when the damping is ignored. Therefore, if the modal amplitude a 1 is periodic, then the modal amplitude a 2 will be periodic and out of phase with a 1 . Equation (26) indicates that, in the absence of damping, the energy in the system is continuously exchanged between the fundamental mode of the flexible arm and the vibration mode of the absorber.
In the presence of damping (i.e. z 1 .0 and z 2 .0), for steady-state solutions, a 0 1 = a 0 2 = g 0 = 0, then we have
By inspection, it is determined that the system possesses an infinite number of equilibrium points defined by a 1 = 0, a 2 = 0, and g 2 R. The Jacobian matrix is constructed to determine the stability of the fixed points a 1 = 0, a 2 = 0, and g 2 R 
By evaluating the eigenvalues of the Jacobian matrix, stability is determined. Eigenvalues should not have positive real parts to maintain stability. Obviously, the corresponding eigenvalues are ( À z 1 , À z 2 , 0), and Àz 1 \0 and Àz 2 \0. So the modal amplitudes a 1 and a 2 are stable. The phase g is unstable due to zero eigenvalue. However, unstable phase merely governs the modulation between the modal amplitudes and has no effect on the magnitude of the modes. It cannot influence stability of the mode vibration and thus is of no concern.
Examples and analyses
To verify the above analysis, a one-link flexible arm is used in the following example, as shown in Figure 1 When the damping of the vibration absorber is considered, letting c 2 = 0:005, equations (20)-(24) are integrated numerically at the state of 2:1 internal resonance. The modal amplitudes a 1 (solid line) and a 2 (dashed line) are illustrated in Figure 4 . The coincidence of the peaks of one modal curve with the troughs of the other can be found, demonstrating vibration energy is being transferred between modes. At the same time, the modal amplitudes diminish with time and converge toward the equilibrium value (a 1 = a 2 = 0), verifying that the vibration energy of the flexible arm has been effectively dissipated through modal interaction. The end-effector deformation of the flexible arm is shown in Figure 5 . It is decreased remarkably, compared with the uncontrolled case (as shown in Figure  2 ). The final residual vibration is 0.01 m.
In addition, when a vibration absorber is connected to a flexible arm, several parameters are also introduced, including tip mass of the rigid link (m), damping of the vibration absorber (c 2 ), length of the rigid link (r c ), and position of the rigid link (r), as shown in Figure 1 . These parameters will affect vibration response of the flexible arm. Therefore, it is important to seek optimal values to achieve better results. In this example, the aim is chosen to reduce the vibration response quickly. Therefore, the optimization objective Figure 6 , the end-effector deformation is decreased by 90% within 5 s and the residual vibration is about 0.008 m. Compared with the no optimization case (as shown in Figure 5 ), the attenuation time is decreased remarkably. It is verified that this control method can reduce nonlinear vibration of the flexible arm more quickly with optimality parameters. Of course, other optimization objectives and constraints can also be chosen.
Furthermore, to validate the proposed method, several virtual prototype experiments are conducted using ANSYS software and ADAMS software. A flexible arm with the same parameters as the aforementioned example is used in these simulations, as shown in Figure 7 . When the arm is not equipped with a vibration absorber, the corresponding endpoint vibration is shown in Figure 8 , where the endpoint deformation decreases slowly.
In order to verify internal resonance, the proposed vibration absorber without the damping is attached to the flexible arm. In this case, the first mode is the vibration mode of the absorber, the frequency of which is 0.4814 Hz (Figure 9 ), and the second mode is the fundamental mode of the flexible arm, the frequency of which is 0.9697 Hz (Figure 10 ). The frequency ratio between them is 0:9697 Hz : 0:4814 Hz ' 2 : 1. At the state of 2:1 internal resonance, the relationship between the endpoint deformation of the flexible arm and the displacement of the absorber is shown in Figure 11 . As can be seen, the endpoint deformation amplitude gradually decreases and gradually increases and then repeats itself; so does the displacement amplitude of the absorber. In addition, when the endpoint deformation amplitude of the arm is decreasing, the displacement amplitude of the absorber is increasing at the same time, indicating the vibration energy is being transferred from the flexible link to the vibration absorber, and vice versa. This ''beat'' phenomenon can verify the existence of internal resonance.
In the presence of the damping of the vibration absorber, the endpoint deformation of the flexible link at the state of internal resonance is shown in Figure 12 . For the convenience of comparison, the endpoint deformation without the vibration absorber (as shown in Figure 8 ) is also listed in Figure 12 . It can be seen that the endpoint deformation of the flexible link has been effectively reduced based on internal resonance. Through the above examples, it is verified that this control method based on modal interaction is effective in regulating strong nonlinear vibration energy of the flexible arm undergoing rigid motion.
Conclusion
In this article, modal interaction is used as a useful means to regulate strong nonlinear vibration energy of the flexible arm undergoing rigid motion. A method is put forward to transfer and dissipate vibration energy based on internal resonance. By means of multiple-scale perturbation analysis, it is proven that internal resonance can be successfully established between modes of the flexible arm and the vibration absorber. Through examples and analyses, the effectiveness of this control method is verified. Although a single link model is used for decreasing computational complexity, this method can be extended to a multilink model.
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